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SUMMARY

The method of strained coordinates is extended to expand the dependent variables as well as independent coordinates
of a nonlinear hyperbolic system in asymptotic series of several parameters. The perturbation parameters may be of a
different nature but are required to be intrinsically independent of each other. The method is found to be particularly
useful for treating problems with several relevant parameters being of the same order of one another. The illustrative
example discussed is a nonlinear supersonic nonequilibrium flow over a wedge where the nonlinear effect in the flow
becomes of the same order as the nonequilibrium effect. A second-order theory is developed.to provide a description of
the near-field flow pattern and the expression of the front frozen shock wave attached to the nose of the wedge.

1. General Remarks

The perturbation method of Poincaré [1], which consists of developing the solution of an
initial or boundary value problem in an asymptotic series of a parameter which appears expli-
citly either in the problem or is introduced artificially, is one of the standard analytical methods
of solution of nonlinear problems of applied mechanics and physics. In Poincaré’s early work,
as well as in the subsequent development of his ideas, one may find some interesting germs for
conceivable further generalizations [2]. One of the important developments in the singular
perturbation scheme, namely the method of strained coordinates [3], stems originally from
Poincaré’s periodic solutions of nonlinear ordinary differential equations by the straining
of the independent coordinates. Lighthill [4] later suggested a general technique for removing
nonuniformities from perturbation solutions of nonlinear problems. The principle of Lighthill’s
technique is that the linearized solution may have the right form, but not at the right place. The
discrepancy is removed by straining one of the independent coordinates, i.., the chosen
independent coordinate is expanded in an asymptotic series as are the dependent variables.
Lin [5] further advances the technique for hyperbolic equations in two variables by adopting
characteristic parameters as the basis for a perturbation theory, which amounts to straining
both families of characteristics. This singular perturbation technique has proved altogether
successful for treating nonlinear hyperbolic systems [6], [ 7], [8]. Further generalization and
systematization of the method may be found in the work of Chou and Chu [9] in treating rather
complicated nonlinear nonequilibrium flow problems.

Another interesting generalization from Poincaré’s original idea is the so-called multi-
parameter perturbation technique suggested by Nowinski and Ismail in treating some elasto-
static problems [10]. The ordinary perturbation technique is extended to embrace the ex-
pansions of the desired quantities in powers of several parameters. The parameters involved
may be of a different character: some, for example, describing the material properties, some
describing the dynamic or geometrical nature of the problems, and so on. However, parameters
concerned in the perturbation scheme must be intrinsically independent of each other.

The present investigation is concerned with combining the previously mentioned techniques
together to treat a nonlinear supersonic nonequilibrium flow over a wedge. The combining
method may be illustrated as follows : Suppose the boundary value problem under considera-
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tion includes N parameters ¢; (i=1, 2, ..., N) intrinsically independent of each other, and the
independent variables are x and y. A pair of characteristics labelled as « and B is properly
chosen to form the new independent coordinates and the system of governing equations and
boundary conditions is then transformed from the xy-plane into the af-plane. Solutions
f»(a, B, &) may be constructed in powers of N parameters as

© N

il Bie) = % DI il G SR VR R A )
mn,..., p=0 ij,..., I=1
where f, represents the dependent variables including the new pair of dependent variables x
and y, and all the boundary conditions of the system should be expanded accordingly.

To each successive order K =m+n+ ... +p one obtains an associated set of boundary value
subsystems, which may then be solved by the standard operational methods. The details of
coordinate transformations and multi-parameter perturbations will be presented in the later
sections.

The illustrative problem selected here is a nonlinear supersonic nonequilibrium flow over a
wedge. The numerous linearized analyses of the corresponding problem [11], [12], [13], and
[14] describe the so-called nonequilibrium effect (or relaxation effect) for which the flow
properties exhibit an exponential decay with respect to the distance away from the disturbance.
In other words, the dissipative nonequilibrium effect tends to smooth out the abrupt compres-
sion generated by the wedge. However, the well-known nonlinear amplitude dispersion effect,
which tends to steepen the compression gradients, has not been taken into account in the
linearized analyses. Linearized theory fails to give any information about the position and
strength of the shock wave, nor does it give a satisfactory description of the flow field at large
distances from the disturbance. Besides the numerical analysis [ 15] of the problem, some non-
linear analyses of the problem may be found in the case of near-equilibrium (¢ <&}, [16], and
in the case of relaxation-dominated (¢ < o) flow [17], where the parameter ¢ characterizes the
nonequilibrium effect and the parameter ¢ characterizes the nonlinear effect. The problem
examined here is concerned with the fact that the nonequilibrium effect is of the same order as
the nonlinear effect [0=0(g)]. The system of governing equations is solved by employing the
multi-parameter characteristic perturbation method. Carrying the calculation to the second-
order of the semi-nose wedge angle, the front frozen shock wave is constructed from the solu-
tion of the fluid properties and the relations obtained by applying a similar perturbation scheme
to the shock jump conditions. However, it is well-known that at large distances from the
disturbance, the nonequilibrium process must eventually proceed toward equilibrium (&> o).
Consequently, the present second-order theory should only be regarded as a near-field solution.

2. Description of the Problem

The basic equations governing the motion of a steady nonequilibrium supersonic flow over a
wedge can be easily reduced from the governing equations of a general nonequilibrium flow
system (see, for example, the book of Vincenti and Kruger [18], or Clarke and McChesney
[19]). They are
put,+pvu,+p, =0,
puv,+pvv,+p,=0,
1 . hy
2 (ups+op) +puctpvy= 12 4(p. 0. 0)
S P
ug,+vg, = 4(p, p, ) ’ 2.1)
1 h, .
2 (upstopy) = (up.tvp,) = 2 4. . 9).
f p
h=h(p, p,q) -
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On the multi-parameter characteristic perturbation method 275

Here, only one nonequilibrium mode is considered, and the various transport effects are
neglected. Also, x and y are the Cartesian coordinates ; u and v denote respectively the velocity
components along the x- and y-axis; p, p, h, g, and § are respectively the pressure, density,
specific enthalpy, a variable characterizing the progress of the nonequilibrium process and the
reaction rate, ¢=4(p, p, q), which describes the rate of change of the progress variable g, is a
known function of p, p, and ¢. Finally, the subscripts x, y, g, p signify partial differentiation
with respect to x, y, g and p respectively; and the frozen speed of sound [18] is given by

dp —h
aZ = <—> = ————L— . 22

F = \eplsy h,—1/p (2.2)
When the frozen Mach number M, =[(u®+v?)/a}]* is greater than one, the system (2.1) is

hyperbolic and possesses three families of real characteristics, namely, the outgoing and
incoming Mach waves, and the streamlines, i.e.,

dx —uvta (u+o?—a})
il,zzd_y_ = a}_vz = COt(Giﬂf),
2.
dx u (2.3)
Ay=-—=—=coth,
dy v

—

£

Mo~ ;

Figure 1. Labelling of the characteristic coordinates.

A characteristic coordinate system {, f) may be introduced as follows: « is constant along
an outgoing Mach line such that if this line intersects the surface of the wedge at a point x = x*,
the line will be labelled as = x*; B is constant along a streamline such that if this line intersects
the front shock wave at a point y=y*, the line will be labelled as f=y* (see Figure 1). The
transformation relationships between (x, y) on one hand and («, §) on the other can be deduced
immediately from dx=x,da+ x;df and dy=y,do+ y;dp. In terms of x and §, Eqs. (2.1) and (2.3)
become

Xy = UY,fV,

Xg=Ayg

pul,+pvv,+p, =0,

uq, = 4, (2.4)
pvug—puvy—[uv+(af —v*)pgl/af+ (u—2v)4yshy/h, = 0,

PU(veyp—vpYa) + po(Xa0p— V2 Xg) + (XePg—paXg) =0,

Paf 45— P —quhy/h, =0,

where 4 is the 4, appearing in (2.3) i.e., the direction of the outgoing Mach waves.
For later convenience, the equilibrium speed of sound a, is introduced as follows:
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dp h,+q*%
o () oo e
0p/ 5.4+ h,+h,q;—1/p (23)

where g* is the local equilibrium value of g.

Let the wedge be described by the equation y=ex where ¢ is the tangent of the semi-nose
angle. The condition that the flow be tangent to the wedge implies that v/u—¢ as y—ex. In the
off plane, one has

v
——>¢,as =0,
u

x= e at =0 (2.6)
y = B, at front shock .

The last two conditions are the consequence of the labelling of «, -coordinates. In addition,
the usual jump condition must be satisfied at each point on the nose frozen shock. Consequently,
if 8 is frozen shock angle and subscript “0” denotes the free-stream condition, which is assumed
to be in the thermodynamic equilibrium, the jump conditions are

plu—vcot &)= poug, h+ju® =ho+3uj 2.7)
p_p0=p0u0(u0—u)7 v=(u0_u)C0t6= d={qo >
respectively the continuity equation, the energy equation, the momentum balance in the
normal and tangential directions, and the continuity of g. The position of the front shock is,

of course, not known. However, it must assume such a form that dx/dy=cot & at every point on
the frozen shock. The front shock wave will be determined later.

3. Multi-Parameter Characteristic Perturbation

The present investigation is concerned with the nonequilibrium flow pattern of the wedge in
the case that one of the fluid parameters o =a%,/aZ, — 1 is small and is of the same order as the
geometric property ¢, 1.e., =0 (¢). Since both ¢ and ¢ are considered small in the present case,
and they are also intrinsically independent of each other, the solution of the system may be
assumed to be constructed in a power series of parameters ¢ and o in the af-plane as follows:

w(a, B) = wo(at, B)+ewy (o B)+aW, (a, B)+ 2w, (, B) +eoW(x, B) +0 Wy(o, f)+...,
(3.1)

where w can be any dependent variable which appears in the system (2.4) and w,, represents the
value of w in the undisturbed region. In particular v,=0.
Making use of Taylor’s series, A may be expanded as

A= ldo+eh (o B)+ oAl (o, B)+ 62 Az (, B)+ ...,

where
Ao = (MZ—1)%,
M?2 M2 M4 32
A= — ugo vy (o, B) — /102(; xipala B) — 2/102)(2) K241 (o f), G2
etc., and

1 Mi(@a}) M}(@a})
“‘[E*z ap'+miap]y

P[@_aff_h@i]
> Log n,0p]o
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where subscript “0” appended to a bracket signifies that all quantities in the bracket are evaluat-
ed at the undisturbed state of the oncoming stream.
Similarly, the expansion of ¢ (p, p, q) is

i(p, p, q) = Tio[e(—q1>+a<~Qz>+62(—qz—np%>

hyo P1> 2 < h,o P1 (3-3)
+e0 (—qio— 2 5 |+ 0% = —i—)+...,
< 2 hgo afo 2 th aj2’0

where
To= — hpO/ [Qq (hp + hq‘]f)]o , and
71 = (qlzp+ 2qu/ aj2’ +(1pp/ a?)O/z(l + hq‘]p/hp)o .

Substituting Egs. (3.1), (3.2) and (3.3) into system (2.4) and collecting terms of like order of
¢, 0, €2, €0, 02, ..., the zeroth-order and the first-order governing equations are found to be

e o, =0 Xop=40Yos (34)

el XoaUs = Uy YoutUoVies X1p= A1VostAoVip»
puoliat P12 =0, ToUoqiatX0.q1 =0,
PotioVipt(heo/hp0)UoYosd1/To+AoP1s =0, (3.5)
PotoYopV1a+XouP1p— XosP1a =0,
P1a/ajzf0—l)1a"(hqo/hpo)uo g1/70=0.

Equations for the other order systems will be discussed in the subsequent sections.

In a similar manner, the boundary conditions of the system can be decomposed into a set of
conditions, according to different powers of ¢, g, etc.

As pointed out previously the position of the front shock wave is not known a priori. How-
ever, it is understood that the shock would decay into a Mach line «=0 if the disturbance
approaches zero, i.e. e—~0. It is assumed that the frozen shock wave expression in af-plane may
be of the following form:

o =a(p, ¢, 0) = efy (B) + oF, (B) + &2 (B) +eaf (B) + o F2 (f) + ... (3.6)

Functions f”s and F’s will be determined later.
From the perturbation of relevant boundary conditions, we have the following conditions:

€ x,=0 at B=0; y,=p, at a=0. (3.7)
el: x,=0, at f=0; y, =0 at a=0. }
vy =ug, at f=0; ¢, =0, at o=0. (38)
¢': X;=0, at f=0; Y, =0, at a=0,
' ' ; } (3.9)
V=0, at f=0; Q,=0, at «=0.
¢?: x,=0, at B=0; =0, at a=0,
2 p Y2 } (3.10)
vy, =ug, at f=0; g, =0, at a=0.
elel: x =0, at f=0; ¥y =0, at a=0,
: pmo } B
vt =Ujat f=0; g =0, at o=0.
¢2: X,=0, at f=0; Y,=0, at a=0, -
g A g } 3.12)
V,=0, at p=0; Q,=0, at a=0, etc.
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4. Solution of the Problem

The solutions of the zeroth order system (3.4) and (3.7) are easily found to be
0 xo=0+18,
Yo=p.

The first-order system (3.5) together with boundary condition (3.8) can be solved by the
Laplace transform method (a summary of this method is included in Appendix A). They are

1. _ =
g Uy =Uy, P1=pPolo/io, U= —Up/lo,

P1=M}0Po/io’ 4,=0, y;=ua, (4-2)
Xy = —M}O—MM?oPouoﬁ/(zig) >
where x, is given in Eq. (3.2).
In the o-order system, X, Y;, U, Vy, P;, Ry, and Q,, satisfy the same set of differential

equations as xy, y,, 4y, 0y, p;, p; and q,. However, there are no inhomogeneous terms in the
system (V; =0), consequently, one has .

X1=0, Y1=0, U1=0, V1=0, P1=0, R1~_—0, Q1=0 (43)

Governing equations for g2-order system are

2.
E°1 Uy =UgYptUy, Xpp=Ay+loYap,

Polothzyt+Pra=0, Toloqs,=—q;—np7,

PotioVap+AoPap = — (hgotto)/(hy0To) (g2 +1p7) , (44)
Pollo Vs +Pap—AoP2.=0,

Ph/affo ‘P2a*42ahqo/hpo =0,

where A, has the same form of 4,.
The solutions for this inhomogeneous system and (3.10) are [see Appendix A]

4
2. =_u0_lﬁgpouo _
&7 Uz(“a ﬁ) 2 h T Z’TﬁeXP < uOTO)’

P 8 0
0o ) =2 igg [1——exp (— u:‘TO )} (45)
Uy = — poluopz( .B). P2 a;o p2 — %42,
V2 B) = %h—zz ngg B [eXp <— u:;ﬂ) - 1] ,

2 2 4
Mo u, M7, th Polo

/10 Up 4 hpO UgTo /1(2)

o
np* exp (— )
UoTo
M}o hqo paus 2 ( o ) M?oﬂ(z)u(z)[ % :l
— ZZsol0%0 |y _
+xy 4 hy, e np* exp tots + Ky 27 exp uo%) pﬂ

Similarly, the governing equations for the go-order system are
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U= qu}a: Xﬂ = ZZ +/10yﬂs pOana+ﬁa = 0 ’

ToUoq,+q= — (hpO/th)pl’ Poly l—)a+ﬁﬂ_/1pﬁa =0, (4-6)
Polo T+ Pt (ho/P0) 0T/ To = — (Uo/To) P1/ 050 »

ﬁa/aﬁo_pa_ (th/hpO)Qa =0.

The relevant boundary conditions for the system are given in (3.1).
Again, by employing the standard operational method, the solutions for the inhomogeneous

system are
= o = L Potio M7 PolUo Mg < o )
b= - , p=-— exp ;
/10 To ,8 P < “0'50> 2 /15 To 4 UpTo
_‘ hyo poM %0 « - -
= — — _— 1 y [ = — Ug) »
=90 T [eXp ( uoro> } it = —p/(po o)
p = p/ato—(hgo/hy0) (4.7)
Fo
V= 240 B exp <_ “0T0>’
M4 o kK, M#% o
F=loF + 112 B2ex (— >+ 1_TJ0 p2ex <— >
oy TR AoToUo B exp UpTo 4 A3touo UgTo
hoo PoM$o [ «
+ 2= kB jexp (— - 1} i
hyo 275u? 2f ( Uo 1:0>
There are no inhomogeneous terms in the o? system, consequently, one has
(4.8)

u2=0, U2=0, p2=0, R2=0, x2=0 aIld y2=0.

Finally, the complete solutions for the second-order theory are’

Ug h q0 PolU 0 o
v f)=cup+e* | — = — -2
( ﬁ) 0 [ .lo hp 0/12 ﬁ p < uOT0>jl

MZ
+eo [—% foﬁexp(—— x )] +...,
AoTo Up Ty

U, f)=ue+e (—ﬂ>+ e? (— —pi>+as (—- P >+ s (4.9)
‘o Polto Polo

Journal of Engineering Math., Vol. 6 (1972) 273-283



280 D. C. Chou
M2%,p P h
plo, f)=pot+e ﬁo S+ ¢ (TZ—}ILO‘Zz)
0 p0

P h
+80'< 4 —i"q>+ ey

afo h,o

v f)= ftente ZZZ p°°nﬁ[€XP< )—1]

2

M;, ﬂ X o N
2/10 xp (=
(o, B) = oo+ Ao B+ e[ — Mo f— 11 Mo pouio B/(273)]

M2, u, M2, ho pous o
+e2d Ay, + 2 2 p 4 S0 90 TOT0 82 ex (—
{ 2¥2 j.o Ugp 4 hpO UpTo j.% nﬂ p UpTo

th MfOpOuO 2 a M?OP%“%
+xq oo “4iEr, np* exp {— ”0T0>+ K, W B.[l—exp <—

+¢e0

o
UgTo
M4 o K, M* o
+e6d AoV + 1 —L> B2 exp (- L Mio g n ([
{ oy T AgToth oﬂ UpTo 4 j-o'fouoﬂ UoTo

ho p o
by 20 2012 X ,3[ ( um)_ 1]} +o (4.9)
q

5. Construction of the Front Frozen Shock Wave

Applying the perturbation analysis to the shock wave jump condition (2.7), the so-called
“consistency relationship” [see Appendix B] may be easily obtained:

d -
ﬁ = cot = Ag+e(—M3,3,) + e*(—M3¢0,) +ea(—M%0) + ..., (5.1)
where
A+1 M3, vy A+1 M3, v,
Oy=—— =3 > O=—p 3 =
4 A5 ug 4 A5 ug

5 = A+1 Mfo v

T w and (5.2)

a%o 2 1
A=1+ —— h |:1+p af<hpp+ Zh”’+a4 hpp>] .
Po p0 g 0
Also, the shock expression is assumed to be

o =¢fy (B)+&2f>(B) +eaf(B) + ..., (3.6)

therefore,

cot§ = (d—x> = (—-——x“daﬂ”dﬁ) s
dy shock yada+yﬂ d.B shock : d.B /
where x (o) may be expanded in the following series:
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o ) =xalo. Do a0, 9 + 22| 1109 |
0x,
+¢ l:xz(oa g) + ‘3% _0f1(ﬁ) + % =of2(ﬂ)
0 . 0
+sa[—(%9 J® + 2 =Of1(ﬂ)}+ (53)
and y=p, at the shock [eq. (2.6)5]. (5.4)

From Egs. (5.1) — (5.4) and second-order solutions (4.9), one may obtain the following rela-
tions:

A+1 M4
f1(ﬂ) = - [T igo - M}O_K1M}opouo/(2l%):| B

£6) =(A—+1M}°>(E + gt Lol o)

N F AV TR T
_M}ou_z _M}Oh_qg Poug 'Iﬂz
Ao g 4 h,o ugTohl
_ A+1 M4,
fB) === 0 B
) 16 Alugtg

Finally, the second-order front frozen shock is given by

az_g[A_H_M_‘f‘_o

KM%, pou
_M2_1f000:|
4 2 10 4

22

82 A+1M}o(ﬂ 1hq0 Pougnﬂz>~82_A_/I}_0EEﬂ

4 1% Ao Zh—po T0/1(2) lo U
2 MEo hy pous A+l Mj
Y g ugr Y 3 :
4 hpyo UugTo o oU4oTo

It is obvious that the second-order theory presented here is only a near-field nonlinear solu-
tion of the problem. Since the products &f, 2§, eéaf, ... that appear in the various terms of the
theory become ambiguous as the value of f increases. However, the systematic perturbation
calculation of the near-field region can be carried out to any degree of accuracy.

Appendix A

A.1. Solutions of a Boundary Value Problem

Systems (4.2), (4.5) and (4.6) all can be solved by the standard Laplace transform technique.
For example, by denoting the Laplace transform of a function w(a, f) by W(s, ) or simply by
w, ie.,

W =j w(, fle” " da, 7 A1)
0
then system (4.5) may be reduced to
4?9, dv;  hyo potis ns
dp? T dB T hyo AoTo <S L ) )
UoTo
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and the corresponding boundary conditions for 7, are #,=u,/s, at §=0; and #, is bounded

when ff— 0.
The solution for this boundary value problem can be found to be
o Uy 1 (th) Po“g np
B, ) =——3 , A3
S LN (A3)
UpTo

where # and 1, are defined in Eq. (3.3).
Equation (A.3) can be readily inverted back to the «, f-plane as:

hyo poUgnp
= _ 20 170 Fo*o —
vy (2, B) 7o ) o ToA2 X (

)p (A4)

UpTo

Similarly, one can find the solutions for p,, q,, etc.
Appendix B
B.1. Consistent Relationship at the Front Shock

The shock angle 6 may be expanded as follows:
o, B) = 0o+¢0;(x, B)+€20,(x, B)+ea (o, B)+ ..., (B.1)

where 6o =i, the free stream frozen Mach angle.
Applying the perturbation scheme to the jump conditions of the shock wave [Eq. (2.7)], the
e-order boundary conditions at the shock are

polty—vy cot do)+piug =0,  hyopy+hopy+hqy+uou; =0, (B.2)
q1=0,p1+p0u0u1=02_ vy+u; cotd,=0. ’

It is noted that Eq. (B.2)is a homogeneous system in py, p,, 4y, v, and g,. Likewise, collecting
terms of &2, one obtains '

M3, v3
po (i — vy €Ot 8o) +patig = ~ poMF081 01 + potig “/{‘gg a_21 , (B.3)
o 9o

M?2 2 1 .
hp0p2+hp0p2+hq0q2+u2 = —% l'zfo Uy {1+p(z)ai0 <hpp + —thp+ _4.hpp> } s
0 af af 0

v
q42=0, py+pouot; =0, uz+uzcot50=—M§061f .
0

It is also noted that the homogeneous parts of Egs. (B.3) and (B.2) are the same. In particular,
their determinants are zero when o= i ;0. Consequently, to ensure the system (B.3) is con-
sistent, its nonhomogeneous terms must be related appropriately. This consistent relationship
may be easily obtained by eliminating the second order quantities from the system (B.3). One
has '
A+1 Mk, v,
0y = I (B4)

where A is defined in Eq. (5.2).

Details of the above derivation can be seen in author’s earlier work [9].

Carrying the analysis to higher order systems, ie., O(¢*) and O(g*¢?), one may obtain the
expressions for §, and d as given in Eq. (5.2). The tedious derivation for the higher-order systems
is omitted here.
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